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Graphene quantum dots (GQD’s) have optical properties which are very different from those of
an extended graphene sheet. In this Article we explore how the size, shape and edge–structure of
a GQD affect its optical conductivity. Using representation theory, we derive optical selection rules
for regular–shaped dots, starting from the symmetry properties of the current operator. We find
that, where the x– and y–components of the current operator transform with the same irreducible
representation (irrep) of the point group — for example in triangular or hexagonal GQD’s — the
optical conductivity is independent of the polarisation of the light. On the other hand, where these
components transform with different irreps — for example in rectangular GQD’s — the optical
conductivity depends on the polarisation of light. We carry out explicit calculations of the optical
conductivity of GQD’s described by a simple tight–binding model and, for dots of intermediate size,
find an absorption peak in the low–frequency range of the spectrum which allows us to distinguish
between dots with zigzag and armchair edges. We also clarify the one–dimensional nature of states at
the van Hove singularity in graphene, providing a possible explanation for very high exciton–binding
energies. Finally we discuss the role of atomic vacancies and shape asymmetry.
PACS numbers: xx.xx, xx.xx, xx.xx
I. INTRODUCTION
Graphene, a single sheet of carbon atoms arranged in a
honeycomb lattice, became experimentally accessible in
2004 through perhaps the most innovative use of scotch
tape in the 21st century1,2. The first of the many sur-
prises of this “wonder material” was that it could be seen
at all, using nothing more than an optical microscope3.
And in fact, the large, universal, and approximately con-
stant optical response of graphene in the visible spectrum
is a signature of one of its other remarkable properties —
electrons with a relativistic “Dirac” dispersion4–10.
Graphene is also a very good conductor of DC elec-
tric current2,11,12. However in this case, the conductiv-
ity measured in experiment is found to depend on the
boundaries of the graphene sheet13–15, a fact which high-
lights the topological character of graphene’s electronic
states16,17. Boundary effects are even more pronounced
in graphene nanostructures referred to as “graphene
quantum dots” (GQD’s). GQD’s have a discrete energy
spectrum, and can be viewed as large, sp2–bonded, car-
bon molecules, with electronic states which depend on
the size, shape and symmetry of the dot18–20.
The possibility of engineering the energy spectrum of a
GQD, and therefore its optical properties, has suggested
potential applications in fields ranging from quantum
computation to solar energy21–30. A range of different
fabrication techniques are now available for GQD’s31–38.
However, tailoring the properties of a GQD to a specific
application requires the ability to fabricate dots with the
desired shape, or to post–select for dots with a given
shape after fabrication. In either case, understanding
the relationship between the size and shape of the dot,
and its optical properties is paramount.
In this Article, we explore how the size, shape and
edge–geometry of a GQD combine to determine its opti-
cal conductivity, paying particular attention to the sym-
metry of the dot, and the optical selection rules which
follow from it. Considering regular GQD’s with a range
of different shapes, we first examine how different point–
group symmetries lead to different optical selection rules.
We find that selection rules depend on the way in which
the different components of the current operator trans-
form under the symmetries of the dot. Where both com-
ponents of the current operator, Jˆ x and Jˆ y, transform
with the same irreducible representation (irrep) of the
point group — for example in triangular dots — we find
that the optical conductivity does not depend on the
polarization of the incident light. On the other hand,
where the different components of the current operator
transform under different irreps — for example in rect-
angular dots — the optical conductivity does depend on
the polarization of the incident light. This result is il-
lustrated through explicit, numerical calculations of the
optical conductivity of regular GQD’s within a simple
tight–binding model.
The same numerical approach is used to explore how
the optical properties of a GQD evolve into those of a
graphene sheet, as the size of the dot is increased. Here
we find that edge–geometry plays an important role, with
zigzag edges contributing a strong, additional feature to
the optical conductivity within the visible spectrum, for
GQD’s of linear dimension L > 10 nm, with spectral
weight which scales as 1/L. This feature is absent in
GQD’s with armchair edges, allowing a direct distinction
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2between dots with different edge–types for dots of inter-
mediate size.
We also examine how the strong peak in the
optical conductivity of graphene in the ultraviolet,
at ~ω ∼ 4.7 eV [39 and 40], evolves out of the spectrum
of a GQD. Within a tight–binding model, this peak oc-
curs at twice the energy of the hopping integral, and
is associated with a Van Hove singularity in the single–
particle density of states41. A very similar feature is ob-
served in the optical conductivity of GQD’s, where it can
be traced to a highly–degenerate set of electronic states
with one–dimensional character. The one–dimensional
nature of these states suggest a possible explanation for
the high binding–energies of excitons in graphene40,42–45.
Finally, we investigate the optical properties of GQD’s
with irregular shape and disorder, in the form of vacan-
cies in the lattice. In this case, we find a polarization–
dependent optical conductivity which depends on the de-
tails of each individual, asymmetric dot. We also find
new optical features arising from vacancies in the lat-
tice. Averaging over an ensemble of dots restores the
polarization–independence of bulk graphene, but does
not eliminate new features coming from vacancies.
While graphene is a new phenomenon, the study of
the optical properties of two–dimensional (2D) materi-
als has a long history. Theoretical studies of the op-
tical conductivity in 2D systems date back roughly 70
years in the context of single graphite layers46, zero–gap
semiconductors47 and d–wave superconductors48. Never-
theless, studies explicitly in graphene experienced a sharp
increase after its experimental realisation16,17,41,49. The
existence of Dirac cones in the dispersion relation clas-
sifies graphene as a semimetal with novel features like
the presence of massless Dirac fermions2, an absence of
backscattering from electrostatic barriers known as the
Klein paradox13 and an unconventional integer quantum
Hall effect2,50,51, to name but a few.
The transport and optical properties of graphene have
also attracted considerable interest. An important pre-
diction, which predates the discovery of graphene, is that
its DC conductivity without disorder takes on the value
of4,52,53
σDCtheo =
4
pi
e2
h
. (1)
Early experiments reported values which were larger
than this prediction by a factor of pi, a fact which be-
came known as the “mystery of the missing pi”2,11.
Later studies explained in theory13–15, and confirmed in
experiment12, that the value of σDC strongly depends
on the boundary conditions of the graphene sheet, high-
lighting the important role of topology in graphene’s elec-
tronic states. Disorder and interactions have been argued
to also play a role4.
Perhaps the most striking feature of graphene’s optical
conductivity is its universal value
σ0 =
pi
2
e2
h
(2)
over a wide range of frequencies which include the visi-
ble spectrum4,6–10. This universal optical conductivity is
observed in experiments3,40,54–56, and falls within the vis-
ible spectrum, making it possible to see a single layer of
carbon atoms using only an optical microscope3. The op-
tical conductivity of graphene remains nearly frequency–
independent across the visible spectrum in the presence
of (weak) disorder57,58. However, stronger disorder can
lead to deviations from the universal value [Eq. (2)], and
contribute an additional peak at finite–energy9.
The other striking feature of the optical conductiv-
ity of graphene is a strong, asymmetric peak at ener-
gies ~ω ∼ 4.7 eV39,40, with a Fano resonance–like line–
shape44. This peak is seen in electron loss spectroscopy39
and spectroscopic ellipsometry43 as well as in opti-
cal absorption43, transmission44 and reflection40,59. A
similar peak is seen in calculations based on a non-
interacting tight–binding model, which can be attributed
to a van Hove singularity in the density of states (DOS)8.
Once electron-electron interactions are taken into ac-
count, this peak is redshifted by ∆ = 400 – 600 meV,
which is attributed to an excitonic state strongly cou-
pled to a band continuum40,42–45,60.
The optical properties of graphene change dramati-
cally, once its electrons are spatially–confined within a
nanostructure. Recently, there has been growing interest
in the properties of nanoscale flakes of graphene, com-
monly referred to as graphene quantum dots (GQD’s),
graphene nanoislands35, or nanographene61. This re-
search has also been motivated by potential applications
in quantum computing62, bioimaging21,26,28,29, LEDs
light converters22,23, photodetectors24,27, and organic so-
lar cells30. GQD’s can be synthesized in several ways,
e.g. via fragmentation of C60 molecules
32, nanoscale
cutting of graphite combined with exfoliation34, cham-
ber pressure chemical vapor deposition (CP–CVD)36 and
controlled decomposition of hydrocarbons35. Further-
more, scanning tunneling microscopy (STM) measure-
ments confirmed the confinement of electronic states in
GQD’s19,63–66 and motivated further theoretical studies.
Much like graphene nanoribbons41, graphene quantum
dots exhibit metallic or insulating behavior depending
on the type of their edges, namely zigzag or armchair67.
GQD’s with triangular geometry and zigzag edges show
zero energy edge states68,69, leading to magnetic effects
as edge–state magnetization70–72 and spin blockade73.
Studies of optical properties of GQDs have shown signa-
tures of edge states61, excitonic effects on the optical ab-
sorption spectrum20,74,75 and edge–dependent selection
rules in triangular dots76.
Despite the huge advances made in manufacturing
GQD’s, there are still obstacles to overcome towards a
complete control of size, geometry and edge type. It
is in this context that we revisit the question of how
size, shape and edge geometry affect the optical proper-
ties of GQD’s paying particular attention to the shape of
the dots. We do not explicitly take interactions between
electrons into account, but instead emphasize optical se-
3lection rules which are entirely determined by symmetry,
and therefore independent of the details of model77–82.
In order to be able to compare with predictions ob-
tained in the thermodynamic limit, we also calculate the
optical conductivity within a simple tight–binding model,
which is known to give a good description of many of the
properties of bulk graphene41. This makes it possible to
explore a large range of dot sizes, and to address issues
which are not determined by symmetry alone. However,
this broader view comes at the expense of neglecting cor-
relation effects, which can be significant17.
The remainder of this Article is structured as follows:
In Section II we briefly review the calculation of the
optical conductivity σα(ω) within linear–response the-
ory. We discuss the role of symmetry in the determining
optical selection rules for a general many–electron wave
function. We also introduce a simple, non-interacting
tight–binding model, and describe how this can be used
to make explicit predictions for the optical conductivity
of a GQD of given size and shape.
In Section III we use group theory to analyse the opti-
cal selection rules found in GQD’s with triangular, hexag-
onal and rectangular shape. Each of these GQD’s can
be classified according to a different point–group, with
associated irreps. We find that, where the in–plane com-
ponents of the current operator, Jx and Jy, transform un-
der the same irrep, the optical conductivity of the GQD,
σα(ω), does not depend on the polarization of the inci-
dent light. On the other hand, where Jx and Jy trans-
form under different irreps, the optical conductivity is
polarisation–dependent. We illustrate these results for
non–interacting electrons by making explicit comparison
with the tight–binding model introduced in Section II.
In Section IV we use the same tight–binding model to
explore the way in which the optical properties of a GQD
with a given shape and edge structure evolve into those of
an infinite graphene sheet. We find that qualitative dif-
ferences persist between GQD’s with zigzag and armchair
edges, even for dots with linear–dimension > 10nm. This
suggests that optical measurements may prove a useful
way to distinguish GQD’s of different edge-types.
In Section V we identify one–dimensional wave func-
tions at energies of the Van Hove singularity of graphene,
within the tight–binding model introduced in Section II
This reduced dimensionality provides a possible explana-
tion for the unusually high binding–energies of excitons,
seen in experiments of graphene40,42–45.
In Section VI we discuss irregular GQD’s and present
how vacancies and asymmetry affect their optical con-
ductivity, within the same tight–binding model. While
sample averaging over many randomly shaped asymmet-
ric dots weakens edge-effects and recovers the optical con-
ductivity of graphene, vacancies in the bulk cause addi-
tional features similar to those seen in GQD’s with zigzag
edges.
We conclude in Section VII with a summary of our
results, and a discussion of potential future avenues for
research.
II. THEORY OF OPTICAL CONDUCTIVITY
A. Kubo formula and the role of symmetry
In what follows we motivate the analysis of optical se-
lection rules in terms of the symmetries of a GQD, start-
ing from the Kubo formula for the optical conductivity.
The crucial facts will be that a) optical selection rules
are determined by the matrix elements of the current op-
erator between the different (many–body) eigenstates of
the dot, and b) this current operator transforms like a
polar vector under the symmetries of the dot.
Our chief measure of the optical properties of a GQD
will be its optical conductivity. Formally, this is defined
through
Jα(~q, ω) =
∑
β
σαβ(~q, ω)E
β(~q, ω) , (3)
where σαβ(~q, ω) is the optical conductivity, and Jα(~q, ω)
is the current which flows as a result of an applied
electric field Eβ(~q, ω), with frequency ω, and direction
α, β = x, y, z. The full tensor for the optical conductiv-
ity, σαβ(~q, ω), can be calculated within linear response
theory, using a Kubo formula83. However for the pur-
poses of the present study, we can make a number of
simplications.
Firstly, we set ~q = 0, since the wavelength of light at
the relevant frequencies is much larger than the size of
the GQD. And, since GQD’s are two–dimensional, we
need only to consider the two–dimensional current
~J = (J x, J y) , (4)
and the in–plane components of the electric field
~E = (Ex, Ey) . (5)
We further assume that time–reversal symmetry remains
unbroken, in which case it is sufficient to only consider
the diagonal part of the optical conductivity
σα(ω) = σαβ(ω)δαβ , (6)
such that
Jα(ω) = σα(ω)Eα(ω) , (7)
with α = x, y. And, since the temperatures of experiment
are generally small compared with the energy–scales of
the dot, we further restrict our considerations to the real
part of the optical conductivity, at temperature T = 0.
Both of these conditions can be relaxed at will.
With all of these restrictions in place, the Kubo for-
mula for σα(ω) reduces to the expectation value of the
retarded, two–particle correlation function of the current
operator Jˆα(t), calculated within the full, many–electron
ground state |ψ0〉, such that
Re
[
σα(ω)
]
= Re
[
1
A
1
~ω
∫ ∞
0
dt eiωt 〈ψ0|
[
Jˆ †α(t), Jˆα(0)
]|ψ0〉] ,
(8)
4a) Triangular Zigzag b) Triangular Armchair c) Hexagonal Zigzag d) Hexagonal Armchair e) Rectangular
FIG. 1. Regular–shaped graphene quantum dots (GQD’s) considered in this Article. (a) Triangular zigzag, (b) triangular
armchair, (c) hexagonal zigzag, (d) hexagonal armchair, and (e) rectangular. Triangular and hexagonal dots have symmetries
described by the non–abelian point groups C3v and C6v, respectively, while rectangular dots have an abelian point group
C2v. Dotted lines represent in–plane mirror axes, while the rotation axis (not shown) is located at the centre of each dot,
perpendicular to the plane of the dot.
where A is the area of the dot.
Up to this point we have not placed any restriction on
the model used to describe the GQD. Quite generally,
we can consider this to be described by any Hamiltonian
Hˆ , which respects the symmetries of a given dot. The
many–electron eigenstates of this Hamiltonian
Hˆ |Ψn〉 = En|Ψn〉 , (9)
will also, automatically, respect the symmetries of the
dot, since all symmetry operators must commute with
Hˆ . And we can use the completeness of these eigenstates
to express Eq. (8) as
Re
[
σα(ω)
]
= lim
γ→0
2γ~
A
1
~ω
∑
n
|Jαn0|2δ(~ω − En0)
(10)
where
Jαnm = 〈Ψn | Jˆα | Ψm〉 , (11)
are the matrix elements of the current operator Jˆ from
one many–body state to another, and
Enm = En − Em (12)
is the energy of the associated optical transition.
It follows from Eq. (10) that the details of the optical
response of a given GQD will depend on the precise form
of the current operator Jˆα, and on the detailed form of
the many–electron eigenstates |Ψn〉, which can generally
only be found approximately. None the less, it is possible
to make some statements about σα(ω) without seeking a
full solution for |Ψn〉. In particular, the optical selection
rules which govern the polarisation–dependence of σα(ω)
depend only on the way in which the current operator
Jˆα , and the many–electron eigenstates |Ψn〉, transform
under the symmetries of the dot [77–82]. Simply put, the
matrix element
Jαnm = 〈Ψ | Ψ′〉 , (13)
[cf. Eq. (11)] must vanish if the ket
| Ψ′〉 = Jˆα | Ψm〉 , (14)
has a different symmetry from the bra
〈Ψ |= 〈Ψn | . (15)
It follows that identifying allowed optical transitions re-
duces to an exercise in symmetry analysis for the state
| Ψ′〉, created by the action of the polar vector Jˆα, on an
eigenstate | Ψm〉, within a GQD of given shape. This is
pursued in Section III, for the different GQD’s illustrated
in Fig. 1.
B. Optical Conductivity of a GQD within the
tight–binding model
Many-body interactions can have significant effects in
the electronic properties of graphene17, and will also have
impact on the optical spectra of GQD’s. None the less,
as discussed in Section II A, above, optical selection rules
are a special case, determined by symmetry alone. For
this reason it is instructive to calculate the optical con-
ductivity σα(ω) explicitly for a non–interacting GQD,
where optical transitions can be discussed in terms of
the energy levels for individual electrons. Doing so also
gives us a handle on the evolution of optical conductivity
with the size of the GQD, and enables us to approach
questions which are not determined by symmetry alone.
The framework needed to do this is introduced below.
A good starting point to understand many of the elec-
tronic properties of graphene is the simple tight–binding
model17,41,46:
Hˆ0 = −t
∑
〈ij〉,s
(
aˆ†i,sbˆj,s + bˆ
†
j,saˆi,s
)
, (16)
where t is a hopping parameter and the sum on 〈ij〉 runs
over all nearest–neighbour bonds on the honeycomb lat-
tice. The operators aˆ†i,s (bˆ
†
j,s) and aˆi,s (bˆj,s) respectively
create and annihilate electrons with spin s =↑, ↓ at site i
(j) of sub–lattice a (b). To describe a finite–sized system
such as a GQD (Fig. 1), we assume zero hopping beyond
5the edges of the dot (open boundaries), which in real sys-
tems may be realized by passivating dangling bonds with
hydrogen atoms.
In the case of the tight–binding model Hˆ0 [Eq. (16)], it
is sufficient to consider single–electron eigenstates |ψn,s〉,
with energy n, satisfying
Hˆ0|ψn,s〉 = n|ψn,s〉 . (17)
These single–electron eigenstates can in turn be written
as
|ψn,s〉 =
∑
i
ci,n,s|φi,s〉 , (18)
where the coefficients
ci,n,s = 〈ψn,s|φi,s〉 (19)
can be expressed in terms of the local atomic states
through
〈~r | φi,s〉 = φi,s(~r) = w(~r − ~Ri)χs , (20)
a Wannier orbital w(~r − ~Ri) with
χ↑ =
(
1
0
)
, χ↓ =
(
0
1
)
(21)
spinors representing the electron’s spin degree of freedom.
The most commonly–quoted measure of the single–
electron properties is the density of states (DOS), given
here by
g() = lim
γ→0
γ
pi
N∑
n=1
1
(− n)2 + γ2 =
N∑
n=1
δ(− n) , (22)
where the sum
∑N
n=1 runs over all possible single–
electron eigenstates of a dot with N sites. For purposes
of plotting the DOS, it is convenient to work with a fi-
nite value of γ. This is equivalent to convoluting the
DOS with a normalised Lorentzian, of full–width at half–
maximum 2γ.
It is also possible to calculate the optical conductivity
within the tight–binding model Hˆ0 [Eq. (16)], starting
from the Kubo formula, Eq. (8). An essential ingredient
for this analysis is the correct form of the current oper-
ator Jˆα. Since electrical charge is a conserved quantity,
the form of the current operator is determined by the
equation of continuity for tight–binding electrons on a
lattice. And the equation of continuity, in turn, is deter-
mined by the structure of Hˆ0. It follows that the correct
form of the current operator is given by84,85
Jˆα = −it
( e
~
)∑
ij,s
(
Rαi −Rαj
)(
aˆ†i,sbˆj,s − bˆ†j,saˆi,s
)
, (23)
where Rαi is the α–component of the position vector to
the lattice site i. We note that making an inconsistent
choice of the current operator can lead to incorrect values
of the optical conductivity, and in particular a deviation
from the universal value in Eq. (2).
For purposes of calculation, we will use Eq. (19) to
express the current operator Jˆα in terms of the basis |φi,s〉
Jαnm = −it
( e
~
)∑
ij
c∗nicmj(R
α
i −Rαj ) , (24)
where, for brevity, we drop spin indices and write
cin = cin,s . (25)
It follows from the general result, Eq. (10), that the real
part of the optical conductivity is given by
Re
[
σα(ω)
]
= lim
γ→0
2γ
ωA
∑
nm
|Jαmn|2
f(m)− f(n)
(~ω − nm)2 + γ2 ,
(26)
where
nm = n − m , (27)
and the Fermi function f(n) should be evaluated at
T = 0. We note that the numerical results for σα(ω)
presented in this Article have been calculated for a small
but finite value of γ, mimicking the finite lifetime of
electronic states.
C. Optical conductivity of an infinite graphene
sheet within the tight–binding model
For many purposes, it is also interesting to compare
the optical response of a GQD with that of an infinite
graphene sheet. Within the tight–binding model, we can
evaluate this by imposing periodic boundary conditions
on the lattice, and consider its thermodynamic limit with
N → ∞. The result follows from Eq. (26) : for T = 0,
in the limit q → 0, transitions are only allowed between
states with the same crystal momentum and we find, con-
sistent with the literature10,
6Re
[
σα(ω)
]
= lim
γ→0
1
3
√
3a2
t2e2
~2
γ
ω
1
N
N∑
k
|(~µk)αν∗k + (~µ∗k)ανk|2
|νk|2
[
1
(~ω − 2t|νk|)2 + γ2 −
1
(~ω + 2t|νk|)2 + γ2
]
, (28)
where the
∑
k runs over all k–values in the Brillouin zone,
νk =
3∑
j=1
ei
~k~δj , ~µk =
3∑
j=1
~δje
i~k~δj , (29)
and the lattice vectors ~δj are given by
~δ1 =
a
2
{−
√
3,−1} , ~δ2 = a
2
{
√
3,−1} , ~δ3 = a
{
0, 1} ,
where a is the lattice constant. We return to this result
in Fig. 6 of Sec. IV.
III. THE ROLE OF SYMMETRY
Graphene quantum dots (GQD’s) with regular shapes
can be considered as macroscopic molecules, classified by
their point–group symmetry. And, as with conventional
molecules, different point groups lead to different optical
selection rules, and therefore to different optical proper-
ties [cf. Section II A]. In the following Section we use
representation theory to derive the optical selection rules
associated with GQD’s of different symmetry. This is a
standard application of group theory, and our derivation
closely parallels text–book treatments of optical selection
rules in atoms77,78,80–82 and molecules 79. We consider
GQD’s of the type shown in Fig. 1, because of their ex-
perimental availability and prominence in the existing
literature32,34–36,64.
Our main finding relates to the polarisation–
dependence of optical spectra for dots of different geome-
try, and can be summarised as follows. The GQD’s shown
in Fig. 1 can be divided into two groups. Dots (a)–(d)
are described by the point groups C3v (triangular dots)
and C6v (hexagonal dots). In both of these cases, the
in–plane components of the current operator, Jˆ x and Jˆ y,
transform with the same irrep of the point group77–82.
It follows that the optical conductivity is independent of
polarization of the incident light. Meanwhile, the rect-
angular dot, (e), is described by the point group C2v.
In this case, Jˆ x and Jˆ y transform with different irreps,
and the optical conductivity depends on the polarisation
of the applied light. In what follows, we show explicitly
how this result can be obtained for GQD’s with trian-
gular and rectangular symmetry. The case of hexagonal
dots is discussed in Appendix A.
In order to make these results concrete, we also calcu-
late the optical conductivity explicitly within the mini-
mal tight–binding model introduced in Sec. II B. In this
case, because the electrons are non–interacting, it is pos-
sible to relate selection rules explicitly to transitions be-
tween different single–electron states, of a given symme-
try. Optical spectra calculated within a tight–binding
C3v E 2C3 3σv polar vectors
A1 1 1 1 z
A2 1 1 -1
E 2 -1 0 (x, y)
TABLE I. Character Table of the point–group C3v describing
the symmetry of triangular graphene quantum dots (GQD’s)
of the type shown in Fig. 1(a) and Fig. 1(b). Eigenstates of a
triangular GQD can be classified according to the irreducible
representations (irreps) A1, A2 and E, while the x and y com-
ponents of the current operator Jˆ (a polar vector) transform
with E [cf. 77–82]. The corresponding symmetry operations
are the identity (E), 2 × 2pi
3
rotations in the principle axis
(2C3) and 3 reflections on symmetry axes (3σv), as shown in
Fig. 1(a) and (b).
model must be approached with some caution, as they
cannot hope to capture every feature of a GQD with
interacting electrons. None the less, the tight–binding
model remains a valid point of comparison for optical
selection rules, since these are determined by symmetry
alone [Section II A], and interactions are not expected to
lead to spontaneous changes of symmetry in a finite–size
dot86,87.
A. Optical selection rules for triangular graphene
quantum dots
1. Group–Theory Analysis
As discussed in Section II A, the optical selection rules
for a given GQD follow from the matrix elements of the
current operator
〈Ψn | Jˆα | Ψm〉 ,
[cf. Eq. (11)]. We therefore need to understand how
both, the many–body eigenstates | Ψm〉 and | Ψn〉, and
the current operator Jˆα, transform under the symmetries
of the dot.
GQD’s with triangular geometry have reflection sym-
metry about three different axes in the plane, as well as
a three–fold rotation symmetry about the center of the
dot, as illustrated in Fig. 1(a) and Fig. 1(b). The corre-
sponding symmetry operations can be labelled E (iden-
tity), C3 (rotation) and σv (reflection). These symme-
try operations form the group C3v
77–82, with the caveat
that reflection and rotation operators do not commute.
This group has two one–dimensional irreducible repre-
sentations (irreps), A1 and A2, and one two–dimensional
irrep, E, as listed in Table I.
7It follows from fundamental theorems of quantum
mechanics77–82, that all possible many–body eigenstates
of a triangular GQD, | Ψn〉, as well as the current opera-
tor Jˆ , can be classified in terms of the irreps of C3v, and
must transform like these irreps under the symmetry op-
erations of the dot. Moreover, eigenstates transforming
with different irreps must be orthogonal, i.e. for eigen-
states associated with the irreps λ, λ′
〈Ψn∈λ | Ψn∈λ′〉 = 0 , if λ 6= λ′ . (30)
In the case of | Ψn〉, the irrep depends on which eigenstate
is considered. However the symmetry properties of Jˆ are
fully determined by the fact that it is a polar vector,
confined to the (x, y) plane. And within C3v, all polar
vectors transform with the E irrep [77–82] — cf. Table I.
From this starting point, the determination of optical
selection rules is a standard application of the theory of
represenations77–82. The matrix element 〈Ψn | Jˆα | Ψm〉
will be zero unless the final state, 〈Ψn |, has the same
symmetry as (some component of) the state Jˆ | Ψm〉.
This in turn will transform as a direct product of the irrep
E associated with the current operator Jˆ , and the irrep
associated with the initial state | Ψm〉. Such direct prod-
ucts are in general reducible (in the group–theoretical
sense), and can be decomposed in terms of the irreps of
C3v, using the information in Table I, and the fact that
the character of a product representation is given by the
product of the characters of its components77–82.
We consider as an example an initial state | Ψm〉 trans-
forming with the irrep A1. In this case the direct product
associated with the matrix element Jαnm can be broken
down as follows
Jαnm = 〈Ψn | Jˆα | Ψm∈A1〉︸ ︷︷ ︸
E×A1=E
= 〈Ψn | Ψ′〉︸︷︷︸
E
(31)
It follows from Eq. (30) that contributions to the opti-
cal conductivity will vanish unless the final state 〈Ψn |
transforms with the irrep E. This implies that the al-
lowed transitions m→ n must satisfy the selection rule
A1 → E . (32)
In the same spirit, we can evaluate the direct product for
eignstates transforming with the other irreps of C3v. For
an initial state with symmetry A2, we have
Jαnm = 〈Ψn | Jˆα | Ψm∈A2〉︸ ︷︷ ︸
E×A2=E
= 〈Ψn | Ψ′〉︸︷︷︸
E
, (33)
with associated selection rule
A2 → E . (34)
Meanwhile, for an initial state with symmetry E, we have
Jαnm = 〈Ψn | Jˆα | Ψm∈E〉︸ ︷︷ ︸
E×E=A1+A2+E
= 〈Ψn | Ψ′〉︸︷︷︸
A1+A2+E
(35)
with associated selection rule
E → {A1, A2, E} . (36)
It follows that the complete list of allowed optical tran-
sitions, taking into account all possible starting states,
reads
A1 ←→ E ; A2 ←→ E ; E ←→ E , (37)
regardless of the details of the Hamiltonian describing
the dot.
In the analysis above, we did not need to specify which
component of the current operator Jˆα we had in mind,
since for a GQD with point–group symmetry C3v, both
transform with E [cf. Table I]. And our main result,
about the polarisation–independence of the optical con-
ductivity, follows directly from this fact. We note that
the optical selection rules which we have derived here for
a GQD apply equally to any other system with point–
group C3v, regardless of the underlying model. This
means that they will also hold for other two–dimensional
systems with the same symmetry, such as PbSe nanocrys-
tal quantum dots88 and defect–based ZnO89 — even in
the presence of electron–electron interactions.
2. Illustration of optical selection rules for
linearly–polarised light
We can make these results more tangible, and some-
what easier to compare with experiments, by examining
how optical transitions occur in a specific microscopic
model for a GQD with triangular symmetry. The sim-
plest model, which we can consider is the tight–binding
model Hˆ0 [Eq. 16], as introduced in Section II B. And
in this case, since the system is non–interacting, we can
analyze all optical transitions at the level of a single elec-
tron.
We first consider results for linearly–polarised light
incident on a triangular GQD of the type shown in
Fig. 1(a). The optical conductivity σα(ω) can be calcu-
lated using Eq. (26). Results for a triangular GQD con-
taining 13 sites are shown in Fig. 2(a); for purposes of vi-
sualisation, σα(ω) has been convoluted with a Lorentzian
of FWHM 2γ = 0.1 t. For this (very) small GQD, the
optical response is dominated by peaks at (I) ~ω = t and
(II) ~ω = 2t. As already noted in Section III A 1, these
results are independent of whether the light is polarised
along the x– or y–axis.
In Fig. 2(b) and Fig. 2(c) we show the optical transi-
tions associated with each of these peaks, for the two
possible polarisations of light. Eigenstates have been
labelled according to their irrep (A1, E), and further
classified according to their eigenvalue under the mirror–
symmetry operation
Mˆy|ψn〉 = µn|ψn〉, µn = 1,−1 , (38)
where Mˆy corresponds to a reflection along the vertical y–
axis, as shown in Fig. 1 (a). Each of the peaks in Fig. 2(a)
correspond to transitions of a single electron, and it is im-
mediately apparent that all of the associated transitions
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FIG. 2. Optical selection rules for the smallest possi-
ble triangular graphene quantum dot (GQD) with zigzag
edges (N = 13), in linearly–polarized light. (a) Optical
conductivity σα(ω), showing the equivalence of results for
x– and y–polarized light. (b) and (c) Spectrum of the
corresponding tight–binding model [Eq. (16)], in the mir-
ror basis Eq. (38), showing the different allowed transi-
tions for x– and y–polarized light. (d) and (e) Matrix el-
ements of the corresponding current operators |Jˆxnm|2 and
|Jˆ ynm|2 [cf. Eq. (24)], in units of (et/~)2. Results for σα(ω)
were calculated from Eq. (26), with a Lorentzian of FWHM
2γ = 0.1 t. Eigenstates are labelled according to their quan-
tum number n = 1 . . . 13, eigenvalue µn = ±1 [Eq. (38)] and
corresponding irrep [cf. Table I].
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FIG. 3. Optical selection rules for the smallest possi-
ble triangular graphene quantum dot (GQD) with zigzag
edges (N = 13), in circularly–polarized light. (a) Opti-
cal conductivity σα(ω), showing equivalence of results for
left– and right–circularly polarized light. (b) and (c) Spec-
trum of the corresponding tight–binding model Eq. (16), in
the rotation basis Eq. (39), showing the different allowed
transitions for left– and right–circularly polarized light. (d)
and (e) Matrix elements of the corresponding current oper-
ators |JˆLnm|2 and |JˆRnm|2 [cf. Eq. (24)], in units of (et/~)2.
Results for σα(ω) were calculated from Eq. (26), with a
Lorentzian of FWHM 2γ = 0.1 t. Eigenstates are labelled
according to their quantum number n = 1 . . . 13, eigenvalue
µn = e
i 2pi
3
ρn , ρn = 0, 1, 2 [Eq. (40)] and corresponding
irrep [cf. Table I].
satisfy the selection rules in Eq. (37). In addition, the
fact that Jˆ x (Jˆ y) is odd (even) under reflection My im-
poses the additional condition µnµm = −1 (µnµm = 1)
on the transitions for x–polarised (y–polarised) light.
However, this additional condition cannot have any ef-
fect on the final result for σα(ω) [Fig. 2(a)], since both
components of Jˆα transform with the same irrep [cf. Ta-
ble I, Section III A 1].
It is also informative to view these transitions in terms
of the matrix elements of the current operator Jαnm, ex-
pressed now in terms of the single–election eigenstates of
Hˆ0 [Eq. 16] — cf. Eq. (24). The norm of these matrix el-
9ements, |Jˆαnm|2 is plotted in Fig. 2(d) and Fig. 2(e). Once
again, states have been labelled according to their eigen-
value µn under the reflection My. The block off–diagonal
form of Fig. 2(d) [block–diagonal form of Fig. 2(e)] there-
fore reflects the condition µnµm = −1 (µnµm = 1). And,
while the structure of these matrices looks very different,
the final result for σα(ω) is independent of polarisation,
as it must be — cf. Fig. 2(a).
3. Illustration of optical selection rules for
circularly–polarised light
We can also use the example of a non–interacting
tight–binding model [Section II B], to illustrate how the
optical selection rules of a triangular GQD function for
circularly–polarised light. The main result is easy to
anticipate: in the absence of magnetic field, circularly–
polarised light can always be decomposed into linear com-
ponents. And since the optical response of a triangular
GQD is independent of the linear polarisation of light,
it will also be independent of the circular polarisation of
light.
In Fig. 3(a) we show results for the optical conductiv-
ity of a triangular GQD with 13 sites, calculated using
Eq. (26), for circularly–polarised light. As expected, the
result is independent of the (circular) polarisation of the
light, and is identical to that found for linearly–polarised
light, Fig. 2(a). The optical transitions associated with
each of the features in σα(ω) are set out in Fig. 3(b)
(left–polarised light) and Fig. 3(c) (right–polarised light),
where eigenstates have been labelled according to their
irrep, and classified according to their eigenvalue under
the rotation operator
Rˆ2pi/3|ψn〉 = µn|ψn〉 , (39)
where
µn = e
i 2pi3 ρn , ρn = 0, 1, 2 . (40)
Once again, all transitions satisfy the selection rules
derived from symmetry, Eq. (37). The transitions for
left–polarised light also satisfy the anti–cyclic condition
ρ = {0→ 2→ 1→ 0}, while those for right–polarised
light satisfy the cyclic condition ρ = {0→ 1→ 2→ 0}.
Once again, these conditions reflect the way in which the
current operator transforms under the rotation Rˆ2pi/3.
The same anti–cyclic and cyclic structure is visible in
plots of matrix elements, Fig. 3(d) and Fig. 3(e).
Given the role played by rotation symmetry, it is natu-
ral to think of the selection rules for circularly–polarised
light, in terms of the exchange of angular momentum be-
tween a photon and the electrons in a GQD. However
this intuition must be approached with a little caution,
as Rˆ2pi/3 generates discrete, and not continuous rotations
of the dot90. None the less, working with eigenstates
of Rˆ2pi/3, we find that states with ρ = 1, 2 have a net
circulation of current on their bonds, which is to say a
net magnetic moment. All of these states transform with
the E–irrep, and are Kramers doublets, degenerate pairs
of states whose current–flow is related by time–reversal
symmetry. An example of the current flow within such
a Kramers doublet, calculated within a non–interacting
tight–binding model is shown in Fig. 14 in Appendix B.
Applying a magnetic field lifts the degeneracy of these
Kramers doublets — a subject explored in more detail in
Ref. 91.
B. Optical selection rules for rectangular graphene
quantum dots
In Section III A, we explored the optical selection rules
which arise in the simplest example of a GQD where the
planar (x, y) components of the current operator trans-
form under the same irrep. We now consider what hap-
pens in the simplest example where the planar compo-
nents of the current operator transform under different
irreps — the rectangular GQD shown in Fig. 1(e), with
point group, C2v. In this case, we will find that the op-
tical selection rules, and associated optical conductivity
σα(ω), does depend on the polarisation of the incident
light.
1. Group–theory Analysis
The symmetry analysis for a rectangular GQD exactly
follows the template of Section III A 1, with one vital dif-
ference — we must now work with the representations
appropriate to the symmetries of a rectangle, C2v, rather
than those of a triangle, C3v. The representations of the
point–group C2v are listed in Table II. The group C2v
comprises the identity (E), pi–rotations about the two
principal axes in the plane (C2), and reflections (σv and
σv′) about the same two axes, as shown in Fig. 1(e). All
of these symmetry operations commute, and as a result
the group has only one–dimensional irreps : A1, A2, B1
and B2. And, crucially, the way in which a polar vector
(such as the current operator Jˆα) transforms within C2v
is also different from the way in which it transforms in
C3v. As shown in Table II, each of the different com-
ponents of a polar vector transform with different irreps
of C2v. And, since different polarisations of light couple
to different components of Jˆα, this opens the door to a
polarisation–dependent optical response.
Once again, we can proceed from the character Table
to optical selection rules by applying the general rules
for the products of representations77–82. The two com-
ponents of the current operator, Jˆ x and Jˆ y, transform
with B1 and B2, respectively. And, following the steps
of Section III A 1, the products entering into optical ma-
trix elements can be decomposed as
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C2v E C2(z) σv(xz) σv′(yz) polar vectors
A1 1 1 1 1 z
A2 1 1 -1 -1
B1 1 -1 1 -1 x
B2 1 -1 -1 1 y
TABLE II. Character Table of the point–group C2v, de-
scribing the symmetry of rectangular graphene quantum dots
(GQD’s) of the type shown in Fig. 1(e). Eigenstates of a tri-
angular GQD transform with irreducible representations (ir-
reps) A1, A2, B1 and B2, while the x and y components of
the current operator Jˆ (a polar vector) transform with B1 and
B2 [cf. 77–82]. The corresponding symmetry operations are
identity (E), pi–rotation about the principal axes (C2) and
two reflections on symmetry axes (σv and σv′), as shown in
Fig. 1(e).
B1 × A1 → B1 , B2 × A1 → B2 ,
B1 × A2 → B2 , B2 × A2 → B1 ,
B1 × B1 → A1 , B2 × B1 → A2 ,
B1 × B2 → A2 , B2 × B2 → A1 .
These results lead to the polarisation–dependent selec-
tion rules
σx(ω) : A1 ←→ B1 , A2 ←→ B2 , (41)
and
σy(ω) : A1 ←→ B2 , A2 ←→ B1 . (42)
As a direct consequence, in general, for a rectangular
GQD,
σx(ω) 6= σy(ω) . (43)
2. Illustration of optical selection rules for
linearly–polarised light
Once again, it is instructive to illustrate the general,
group–theoretical result for the specific example of a rect-
angular GQD described by the tight–binding model in-
troduced in Section II B. The corresponding results for
the optical conductivity σα(ω) of a rectangular GQD of
size N = 28 are shown in Fig. 4(a). As expected, results
for x–polarized light (blue line) are dramatically differ-
ent from those for y–polarized light (orange line), with
peaks at different values of ω, labelled I–IV, signalling
the different allowed optical transitions. These results
are in contrast with the polarisation–independent opti-
cal conductivity obtained for a triangular GQD, seen in
Fig. 2.
The optical transitions associated with each of these
features in σα(ω) are shown in Fig. 4(b) and Fig. 4(c).
Once again, states have been labelled according to their
irreps, and further classified according their eigenvalues
under the reflection operator Mˆy [Eq. 38]. The transi-
tions associated with specific peaks in σx(ω) and σy(ω)
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FIG. 4. Optical selection rules for a rectangular graphene
quantum dot (GQD) of size N = 28 in linearly–polarized
light. (a) Optical conductivity σα(ω), showing different re-
sults for x– and y–polarized light. (b) and (c) Spectrum of
the corresponding tight–binding model Eq. (16), in the mirror
basis Eq. (38), showing the different allowed transitions for x–
and y–polarized light. (d) and (e) Matrix elements of the cor-
responding current operators |Jxnm|2 and |J ynm|2 [cf. Eq. (24)]
in units of (et/~)2. Results for σα(ω) were calculated from
Eq. (26), with a Lorentzian of FWHM 2γ = 0.1 t. Eigenstates
are labelled according to their quantum number n = 1 . . . 28,
eigenvalue µ = ±1 [Eq. (38)] and corresponding irrep [cf. Ta-
ble II].
are labelled I–III. All transitions contributing to σx(ω)
satisfy the optical selection rules Eq. 41, while transi-
tions contributing to σy(ω) satisfy the optical selection
rules Eq. 42. The corresponding matrix elements are il-
lustrated in Fig. 3(d) and Fig. 3(e).
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3. Effect of sublattice symmetry–breaking
One of the possibilities discussed in bulk graphene is
that interactions could drive a many–electron instability
which would spontaneously break the symmetry between
the two sites in the unit cell of the honeycomb lattice17.
On general grounds, such symmetry breaking is not ex-
pected to occur spontaneously in a finite–size system86,87.
None the less, it is instructive to consider what effect this
broken symmetry would have, if it was induced by an ex-
ternal field or perturbation of the graphene structure.
In the case of the rectangular GQD’s considered
above, breaking the symmetry between the A– and B–
sublattices of sites would reduce the point–group sym-
metry from C2v to C2. Within the group C2v, the x–
component of the current operator Jα transforms with
the irrep B1, while the y–component transforms with B2
[cf. Table II]. As a consequence, the optical conductivity
σα(ω) depends on the polarization α of the incident light
[cf. Sec. III B 1].
In contrast, the group C2, has only two irreps, A
and B, and both the x– and y–components of Jα
transform with the same irrep, B. It follows that, once
the symmetry between the A– and B–sublattices is
broken, the optical conductivity of rectangular dot is
independent of the polarization of the incident light.
This is a profound change, and emphasizes the power of
optical selection rules in probing the symmetry of a GQD.
C. Optical selection rules for GQD’s of other
symmetry
In Section III A and Section III B we have seen how
optical selection rules work for a GQD with triangular
and rectangular point–group symmetry.
In the case of the triangular GQD, with non–
abelian point group C3v, the optical conductivity
σα(ω) was found to be polarisation–independent, with
σx(ω) = σy(ω). This result followed from the fact that
both components of the current operator Jˆα transform
with the same two–dimensional irrep, E, and therefore
transform in the same way under the symmetries of the
dot.
In the case of the rectangular GQD, with abelian point
group C2v, the optical conductivity σα(ω) was found to
be polarisation–dependent, with σx(ω) 6= σy(ω). This re-
sult followed from the fact that C2v supports only one–
dimensional irreps, and the different components of the
current operator Jˆα must therefore transform with differ-
ent irreps, and so in different ways under the symmetries
of the dot.
It might seem counter intuitive that the simpler sym-
metry structure, C2v, should lead to a more complex op-
tical response. However it is precisely the simplicity of
the group, with only one–dimensional irreps, which al-
lows the different components of the current operator to
transform in different ways. It is the larger and more
complex symmetry group C3v which permits both com-
ponents of the current operator to transform in the same
way. And, by the same token, these results generalise
straight–forwardly to dots of different symmetry : GQD’s
with a point–group such that the x– and y–components
of the current operator transform under the same irrep,
will show an optical conductivity which is independent
of polarisation. Meanwhile, dots with a point–group for
which the x– and y–components of the current operator
transform under different irreps, will have a polarisation–
dependent response. We do not develop this theme fur-
ther here, but illustrate results for another example, the
hexagonal GQD in Appendix A.
IV. THE ROLE OF EDGE TYPES
In Section III, we explored the role of symmetry on the
optical conductivity, and have shown that the polariza-
tion of light can be used to distinguish between dots of
different shape.
In this section, we explore the role of edge types in
GQD’s by studying the optical conductivity σα(ω) for
triangular, hexagonal and rectangular GQD’s with zigzag
and armchair edges and various sizes. Using exact diago-
nalization of the tight–binding model [Eq. (16)], we show
the size evolution of σα(ω) for dots with a total number
of sites up to N ≈ 25, 000 (∼ 40 nm) and find features
which allow us to separate between dots of zigzag and
armchair edges.
Fig. 5 shows an overview of the density of states and
optical conductivity for the five different regular–shaped
GQD’s considered in this Article (Fig. 1), for sizes up to
N ≈ 10, 000 sites. Triangular GQD’s with zigzag edges
[Fig. 5(a)] show a peak in the DOS at zero energy for
all dot sizes, due to a large number of states localized on
the edge that have exactly  = 0 within the tight–binding
model68,92. The number N0 of these “zero–energy” states
increases linearly with dot size: N0 = Nh − 167 [see Ta-
ble III], where Nh is the number of hexagons per side
of the GQD. In the thermodynamic limit the number of
edge-states is negligible compared to the total number of
states (N0/N → 0), thus recovering graphene’s zero DOS
at  = 0.
As seen in Fig. 5(c) and (e), the DOS shows also a
feature at zero–energy in hexagonal zigzag and rectan-
gular GQD’s for sizes N & 300. In fact, for these dots,
there are no states with the exact value  = 0 (Table III).
However a finite number of states in the vicinity of zero
energy approach zero for large dot sizes, resulting in a
distinct peak in the DOS. On the other hand, for dots
without any zigzag edges [Fig. 5(b) and (d)], the density
of states at the chemical potential, g( = 0) is zero for all
sizes.
Graphene’s DOS exhibits two characteristic peaks at
 = ±t (Van Hove singularities)41. Fig. 5 clearly shows
that these peaks are recovered for large dots in all shapes
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Triangular Zigzag Triangular Armchair Hexagonal Zigzag Hexagonal Armchair Rectangular
L
√
3(Nh + 1)a 3Nha
√
3(Nh − 1/3)a (3Nh − 2)a Lx =
√
3(2Nh − 1)a
Ly = 2.5Nha
N (Nh + 1)
2 + 2Nh
3
4
(Nh + 2)Nh 6N
2
h 9Nh((Nh/2)− 1) + 6 2(4N2h −Nh)
N0 Nh − 1 0 0 0 0
Nt Nh even 3 0 3 3Nh Nh
Nh odd 3
1
2
(3Nh + 1) Nh + (−1)(Nh+1)/2 4Nh − 3 Nh + 1
TABLE III. Finite–size scaling of degeneracies for different types of regularly–shaped GQD’s, within the tight–binding model,
Eq. (16). L is the length of the edge of the GQD, a is the lattice constant, Nh the number of hexagons per side, N is the total
number of sites, N0 the number of zero–energy states, and Nt the number of states at energy  = t. For rectangular GQD’s
Nh refers to the number of hexagons on the side with the armchair edges.
and edge types. They are due to the presence of states
with energy exactly  = ±t. For most dots, their num-
ber Nt scales linearly with dot size (see Table III). How-
ever, unlike the case for zero–energy states, their con-
tribution to the DOS at ±t does not disappear in the
thermodynamic limit. States with energies close to ±t
converge to  = ±t in the thermodynamic limit, caus-
ing the Van Hove singularities known in graphene. We
have found analytical expressions for the wave functions
of states with exactly  = ±t and will discuss them more
detailed in Section V.
Transitions between states of  = ±t cause a char-
acteristic peak in the optical conductivity for ~ω = 2t.
The size–evolution shows that the intensity of this peak
is shape and edge-type dependent, though particularly
pronounced in dots with armchair edges. However,
for large enough sizes all GQD’s show an asymmetric
Fano resonance–like line-shape, similar to the one in
graphene40,44,93.
Interestingly, all GQD’s with at least some zigzag
edges, show an additional peak at ~ω = t at least for
sizes larger than N > 1000, because of transitions be-
tween zero–energy states and states at  = ±t. This peak
does not appear in the case of dots with purely armchair
edges, thus providing a way to differentiate between the
two edge types.
Rectangular dots show a different behaviour of the op-
tical conductivity for x– and y–polarized light [Fig. 5(e)–
(f)], as explained in Sec. III B. When the electric field is
in parallel with the zigzag edges (x–axis for these dots),
the additional peak at ~ω = t shows up. This is due to
the fact that the zero–energy states are localised on the
zigzag edges, causing a non-zero current. On the other
hand, for y–polarized light the optical conductivity does
not exhibit this feature.
To get further insight in the size evolution of the peak
at ~ω = t, we plot the optical conductivity for dot sizes
of N ≈ 5, 000 − 25, 000 (≈ 20 − 40 nm) in Fig. 6 and
compare to results of the analytical solution for graphene
in its thermodynamic limit [see Eq. (28)].
The right panels of Fig. 6 show, that the optical
conductivity for GQD’s with armchair edges converges
slowly to the graphene limit, uniformly for all energies.
On the other hand, σα(ω) for dots with zigzag edges
has a more complicated behaviour [left panels of Fig. 6].
The peak at ~ω = t is well distinguishable from the back-
ground for sizes up to N ≈ 25, 000 (∼ 40 nm). For val-
ues lower in frequency than this peak, the difference to
the graphene limit is larger than in the case of armchair
edges. This can be explained by transitions occurring
between states of  < t and states of zero–energy, which
are absent in armchair dots. For ~ω > t, σα(ω) coincides
with the graphene limit.
As seen in Fig. 6, the plateau of the optical conductiv-
ity exhibits strong oscillations. However, in the thermo-
dynamic limit, it approaches the universal conductivity
of graphene, σ0 [Eq. (2)]. This is seen in Fig. 7(a) where
the finite–size scaling of the peak at ~ω/t < 0.2 is shown
for all dots under consideration. For all GQD’s, this peak
approaches the universal conductivity σ0 within 2%.
In Fig. 7(b) we show the finite–size scaling of the peak
at ~ω/t = 1 for GQD’s with zigzag edges. We find that
this peak approaches the value of graphene linearly due
to its inverse system length 1/L ∼ 1/√N .
In summary, we discussed the optical conductivity of
GQD’s for a variety of shapes, edge types and sizes up to
the thermodynamic limit. We showed that polarization
along a zigzag edge causes a distinct peak in σα(ω) at
~ω = t. This effect may be used as a way to distinguish
between GQD’s with zigzag and armchair edges.
V. LOCALIZED STATES WITH ENERGY
/t = ±1
As discussed in Sec. IV, within the tight–binding model
H0 [Eq. 16], all GQD’s exhibit states with an exact en-
ergy  = ±t. The number of such states depends on
the shape and edge type of the GQD and, in most cases,
scales linearly with the dot size (Table III). In this section
we shed light onto the microscopic nature of these states.
We present an analytical solution for their wave functions
and show that these states exhibit an one–dimensional
(1D) character.
The fact that the energy of these states,  = ±t, coin-
cides with the hopping energy between adjacent sites in
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FIG. 5. Evolution of the optical conductivity σα(ω) and density of states g() of the regular–shaped graphene quantum dots
(GQD’s) shown in Fig. 1, as a function of the size of the dot. (a) Triangular zigzag, (b) triangular armchair, (c) hexagonal
zigzag, (d) hexagonal armchair, and (e)–(f) rectangular GQD for both x– and y–polarized light. We find that states with
 = ±t exist in all dots, but are generally more pronounced in dots with armchair edges, causing dominant peaks at g( = ±t).
For all dots with zigzag edges, there are states in the vicinity of  = 0, causing an additional absorption peak at ~ω/t = 1.
All results were calculated within the tight–binding model Eq. (16), and have been convoluted with a Lorentzian of FWHM
2γ = 0.1 t [cf. Eq. (22), Eq. (26)]. For better visualisation each plot has been shifted along the vertical axis.
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FIG. 6. Low frequency part of the optical conductivity σα(ω) as shown in Fig. 5. (a) Triangular zigzag, (b) triangular
armchair, (c) hexagonal zigzag, (d) hexagonal armchair, (e)–(f) rectangular graphene quantum dot for both x– and y–polarized
light, for sizes up to N ≈ 25, 000. The peak at ~ω/t = 1 in σα(ω) for dots with zigzag edges (polarization parallel to the zigzag
edge) is distinguishable from the featureless conductivity of dots with armchair edges. We compare the results to the analytical
solution for a graphene sheet in its thermodynamic limit [see Eq. (28) — dashed line]. All results were calculated within the
tight–binding model Eq. (16), and have been convoluted with a Lorentzian of FWHM 2γ = 0.1 t [cf. Eq. (26)].
the tight–binding Hamiltonian [Eq. (16)], motivates us to
seek for wave functions for which electron hopping takes
place on single bonds in the honeycomb lattice. Fig. 8
shows an example of such a wave function for a triangular
zigzag GQD with energy  = t (anti–binding) and  = −t
(binding). The wave function |ψt〉 is a linear combination
of Wannier functions [Eq. (18)],
|ψt〉 =
∑
i
ct,i|φi〉 , (44)
where ct,i are appropriately chosen to be ±1 at the “+”
and “−” sites respectively. In the case of Fig. 8(a), the
wave function is explicitly written as
|ψt〉 ∝ −|φ3〉+ |φ6〉+ |φ4〉 − |φ7〉 − |φ5〉+ |φ8〉 , (45)
which can be directly shown to satisfy Hˆ |ψt〉 = t |ψt〉.
Eq. (45) has the energy  = t because electron hopping
is non–zero only between pairs of atoms, highlighted in
Fig. 8(a). Hopping to, e.g. site 1 is suppressed because of
the opposite coefficients on sites 3 and 4. In a similar way,
we can construct a binding wave function with  = −t as
seen in Fig. 8(b). We note that these wave functions are
1D–like, since they are non–zero only on pairs of sites
along an 1D ladder. This is consistent with their 1D
scaling behaviour shown in Table III.
The key for the existence of such states is the presence
of a pair of atoms on the edge of the GQD for which
each atom has one bond less. This allows the creation
of these 1D–ladder states that live on a line of pairs of
carbon atoms. Fig. 9 shows 1D wave functions for all
GQD’s considered in Sec. IV and for graphene clusters
with periodic boundary conditions. It is clear that the
number of 1D wave functions depends strongly on the
boundary conditions. Therefore hexagonal GQD’s with
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FIG. 7. Finite–size scaling of the dominant features in
the optical conductivity σα(ω) from Fig. 6. (a) Linear scal-
ing of the peak maximum for ~ω/t < 0.2 with the inverse
system size 1/N , showing the trend for all graphene quan-
tum dots (GQD’s) to reach the universal optical conductiv-
ity σ0 [Eq. (2)] in the thermodynamic limit at low frequen-
cies. (b) Scaling of the enhancement in optical conductivity
at ~ω/t = 1, with the linear dimension of the dot 1/
√
N , for
a dot with zig–zag edges. For N →∞ we recover the result
for bulk graphene, Eq. (28).
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FIG. 8. An example of a one–dimensional wave function
at energy  = ±t in the smallest triangular graphene quan-
tum dot with zigzag edges. (a) Anti-binding ( = t) wave
function [see Eq. (45)], (b) binding ( = −t) wave function.
Plus (minus) denotes the probability amplitude of c±t,i = +1
(c±t,i = −1) of the wave function on site i [as defined in
Eq. (44)]. For all other sites we find c±t,i = 0. Such con-
figurations ensure that hopping outside the highlighted sites
vanishes.
armchair edges [Fig. 9(d)] favour the presence of these
states, which exist for all system sizes [see Table III].
We should note that these 1D wave functions do not
necessarily exist on a straight line, as seen in Fig. 9(b),
(c) and (e). In these cases, boundaries allow a bent 1D
string of site pairs within the dot, leading to the rather
complicated scaling functions of these states in Table III.
Such 1D wave functions also exist in graphene clusters
with periodic boundary conditions, as shown in Fig. 9(f).
The one–dimensional character of states at  = ±t pro-
vides a plausible explanation for the large exciton bind-
ing energies of ∼ 500 meV, found in graphene40,42–45,
since confinement in 1D greatly enhances binding.
Furthermore, optical resonances in carbon nanotubes
(a)	
(b)	
(c)	
(d)	
(e)	
(f)	
FIG. 9. Examples for one–dimensional wave functions in
graphene quantum dots (GQD’s) and bulk graphene. (a) Tri-
angular zigzag, (b) triangular armchair, (c) hexagonal zigzag,
(d) hexagonal armchair, (e) rectangular and (f) cluster with
periodic boundary conditions (graphene). Boundary condi-
tions set the number and shape of allowed one–dimensional
states [see scaling behaviour in Tab. III], which do not nec-
essarily have to proceed in a straight line, as seen in the first
example of (e).
are predicted to arise from strongly–correlated 1D
excitons94. Their binding energies have been predicted
with ∼ 400 meV95, comparably close to the results for
graphene. A very crude estimate of the local on–site
Hubbard U has been done by describing these 1D states
with a two–site Hubbard model. Details of this estimate
are given in Appendix C.
In summary, we have shown that eigenstates with en-
ergy  = ±t show a 1D character and can exist in both,
GQD’s and graphene. Their 1D nature provides a pos-
sible explanation for the unusually high exciton–binding
energies found at the M–point in graphene40,42–45.
VI. DISORDER IN A GRAPHENE QUANTUM
DOT : THE ROLE OF VACANCIES AND
ASYMMETRY
Even though GQD’s can be produced in predefined reg-
ular shapes32–36, techniques like chemical vapour deposi-
tion (CVD) or temperature programmed growth (TPG)
result in dots with irregular shapes31. Furthermore, sur-
face contamination with adatoms during the fabrication
process can introduce scattering potentials, which change
the electronic properties of the GQD’s. In the previous
sections, we explained how the geometry of GQD’s im-
pacts their optical properties and showed that the pres-
ence of zigzag edges results in an additional peak in the
16
FIG. 10. Effect of random site vacancies on the optical conductivity of a rectangular graphene quantum dot (GQD). (a) Optical
conductivity of an ensemble of disordered GQD’s, for x–polarized (blue curve) and y–polarized (yellow curve) light. Error bars
show the standard deviation of results with the ensemble, while the dashed line shows equivalent results for an infinite graphene
sheet, without vacancies. (b) Difference between optical conductivity of clean and disordered GQD’s and an infinite graphene
sheet, for x–polarized light. (c) Equivalent results for y–polarized light. The disordered GQD shows additional features in the
visible spectrum, while the dominant absorption peak at ~ω/t = 2 is reduced. Results were calculated from Eq. (26), within
a tight–binding model for a GQD with N ≈ 10, 000 sites, setting a Lorentzian of FWHM 2γ = 0.1 t. Disorder–averages were
calculated for 2% of randomly introduced vacancies, and averaged over ≈ 100 realisations.
optical conductivity at low frequencies. It is therefore
useful to examine to which extent these features can sur-
vive in the case of irregular shaped dots.
Here we discuss two of such cases: (a) rectangular
GQD’s with single atom vacancies, and (b) GQD’s with
asymmetric shape. We concentrate on the minimal tight–
binding model introduced in Section II B.
A. The role of vacancies
The role of vacancies on the electronic properties
of graphene and its nanostructures has been exten-
sively studied58,96–98. Moreover, it has been shown that
metallic adatoms on the graphene’s surface — a com-
mon source of contamination during fabrication — can
be treated theoretically as an atomic vacancy on the
graphene lattice in the case of strong local scattering
potentials.99
Here, we discuss the effect of vacancies on the opti-
cal conductivity of rectangular GQD’s. As explained in
Sec. IV, for clean, vacancy–free dots, optical excitation,
polarized along the zigzag edges captures signatures of
zero–energy, edge modes in the form of a peak at ~ω = t.
This peak is absent for polarization along the armchair
edges, allowing a distinction between different edge types.
We now calculate the optical conductivity for dots with
a number of randomly introduced vacancies on the lat-
tice. In our model, we set electron hopping to/from the
vacancy sites to zero, which is equivalent to an infinite
on–site energy at the vacancies.
Fig. 10(a) shows the optical conductivities σx(ω) and
σy(ω) for rectangular GQD’s of size N ≈ 10, 000 and
2% vacancies. In comparison with the graphene limit,
σN=∞(ω) [Eq. (28)], both polarization directions show an
enhanced shoulder in the visible region of the spectrum
and a decrease of intensity at ~ω/t = 2.
This is more clearly seen in Fig. 10(b) and (c) where
the difference σ(ω)−σN=∞(ω) for both clean GQD’s and
dots with 2% vacancies is plotted. The dominant peak
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FIG. 11. Effect of edge–disorder on the optical conductivity of a graphene quantum dot (GQD). (a) Optical conductivity of
an ensemble of disordered GQD’s, for x–polarized (blue curve) and y–polarized (yellow curve) light. Both curves lay on top of
each other. The dashed line shows equivalent results for an infinite graphene sheet, without disorder. (b) Detail of the optical
conductivity of disordered GQD’s at low frequencies. Error bars show the standard deviation within the ensemble. (c) Optical
conductivity of an individual disordered GQD at low frequencies, showing the difference between x– and y–polarized light.
Results were calculated from Eq. (26), within a tight–binding model for a GQD with N ≈ 10, 800 sites, setting a Lorentzian
of FWHM 2γ = 0.1 t. Disorder–averages were calculated for an ensemble of ≈ 100 realisations.
at ~ω/t = 2 is significantly reduced by the presence of
vacancies. Similarly, for ~ω/t ≈ 1, the vacancies result
in an enhanced shoulder for σy, which is absent in the
clean GQD. For σx, this shoulder is only slightly larger
than the one already present for vacancy–free dots.
These features can be explained by the fact that every
single vacancy on the graphene lattice creates a zigzag
edge around it, which can be seen as an inverse zigzag
triangular dot. Therefore additional zero–energy states
can be formed along these edges, which allow scatter-
ing to the highly degenerate states in the vicinity of the
Van Hove singularity and result in the enhanced shoulder
in the visible region of the spectrum.
On the other hand, the presence of vacancies destroys
some of 1D–wave functions with energy  = ±t [see
Sec. V]. Consequently, the dominant absorption peak at
~ω = 2t, which is created by transitions between such
states, is reduced.
Our findings are consistent with previous results show-
ing that vacancies in graphene result in the formation
of localised states96. Also, calculations in disordered
graphene show that it exhibits mid–gap states in the den-
sity of states100,101 and an additional peak in the optical
conductivity9.
B. The role of asymmetry
Asymmetry is a certain issue in the fabrication of
GQD’s. Techniques like chemical vapour deposition
(CVD) and temperature programmed growth (TPG)
produce GQD’s of various sizes and shapes31. Even tech-
niques that can create GQD’s with a predefined shape are
not free of errors32–36.
Here we address this case, by calculating the optical
conductivity σα(ω) for asymmetric dots, showing a ran-
dom mixture of armchair and zigzag edges.
Fig. 11(a) shows the optical conductivity σα(ω) for
x– and y–polarized light for asymmetric GQD’s of size
N ≈ 10, 800, averaged over ≈ 100 dots. The mean value
of the optical conductivity is very close to the infinite
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graphene limit, since edge–effects are averaged out. The
small offset from the graphene limit is due to finite–size
effects.
The effect of averaging is shown more clearly in
Figs. 11(b) and (c). Even though on average, σx and
σy coincide [Fig. 11(b)], for each individual dot they do
not [Fig. 11(c)], due to the absence of symmetry.
VII. CONCLUSIONS
The discovery of Graphene, more than 10 years
ago1,2, has sparked a rennaisance in the study of two–
dimensional materials, and their potential technological
applications102,103. Graphene quantum dots (GQD’s),
offer yet another new opportunity, to control the prop-
erties of a graphene sheet by restricting its size and
shape18,19. In particular, the ability to control the
optical properties of GQD’s has potential applications
in fields ranging from quantum computation to solar
energy21–24,26–30. However, tailoring the properties of
a GQD to a specific application requires the ability to
fabricate dots with the desired shape, or to post–select
for dots with a given shape after fabrication. In either
case, understanding the relationship between the size and
shape of the dot and its physical properties is paramount.
In this Article, we have explored the role that size,
shape, edge–type and atomic vacancies play in the opti-
cal conductivity of GQD’s. Using group theory, we de-
termined the optical selection rules, which follow from
the symmetry of a regular–shaped GQD. We find that
the optical response is independent of the polarization of
the incident light in GQD’s of symmetry, where the in–
plane (x, y) components of the current operator trans-
form under the same irrep. This has been shown on
the example of triangular and hexagonal GQD’s [cf.
Fig. 2, Fig. 3]. Meanwhile the optical conductivity is
polarization–dependent in GQD’s of symmetry, where the
in–plane (x, y) components of the current operator trans-
form under different irreps, as shown on the example of
rectangular GQD’s [cf. Fig. 4].
We have also explored the optical conductivity σα(ω)
of GQD’s within a simple tight–binding model [Eq. (16)],
known to give a good account of the properties of bulk
graphene [41]. For small GQD’s, σα(ω) depends strongly
on the type of the considered dot, and has many non–
universal features [cf. Fig. 5]. These features evolve with
size, and the optical response of GQD’s of intermediate
size (N & 5, 000 sites, L & 20nm) has much in com-
mon with the response of bulk graphene. In particular
this shows a strong peak for UV light, as observed in
graphene. None the less, for dots of this size, σα(ω) still
retains tell–tale features which provide important infor-
mation about edge–geometry of the dot. In particular,
we find an additional peak in the optical conductivity at
the UV end of the visible spectrum in GQD’s with zigzag
edges [cf. Fig. 6].
Within a tight–binding model, both of these peaks in
the optical conductivity are intimately connected with
the existence of states with energy  = ±t. We have ex-
plored the nature of the wave functions of these states in
different–shaped GQD’s, and find that they have a one–
dimensional character [cf. Fig. 8 and Fig. 9 ]. Equiv-
alent one–dimensional states also exist for clusters with
periodic boundary conditions, where they occur at the
M–point in the Brillouin zone [i.e. k1 = (
2pi
3
√
3
, 2pi3 ) and
k2 = (
4pi
3
√
3
, 0)], and are associated with Van Hove singu-
larities in the single–particle density of states. The one–
dimensionality of these wave functions provides a very
natural explanation for large binding energies of excitons
formed of particles and holes near the M–point40,42–45.
Finally, we discussed the effect of atomic vacancies and
shape–asymmetry in the optical response of GQD’s. We
showed that atomic vacancies in the lattice enhance the
peak in the optical conductivity arising from zigzag edges
[cf. Fig. 10]. This is a signature of additional localization
around the vacancy sites. In the case of completely asym-
metric GQD’s, the optical conductivity is polarization–
dependent, although those effects may not be measur-
able for large distributions of randomly shaped dots [cf.
Fig. 11].
An important open question for future studies of the
optical properties of GQD’s is the effect of electron–
electron interactions. There is already a substantial liter-
ature on the effect of interaction in bulk graphene, where
the fact that electrons are restricted to two dimensions,
and have a Dirac–like dispersion, leads to many depar-
tures from conventional Fermi–liquid behaviour17. Given
this, it is reasonable to ask how the optical properties of
GQD’s might change, if interactions were included ?
The optical selection rules derived in Section III follow
from symmetry alone [cf. Section II A]. For this reason
they apply equally to any GQD with a given symmetry,
regardless of whether it is described by a simple tight–
binding model [Section II B], or a more general model
of interacting electrons which respects the symmetries of
the dot. And, while it is possible that interactions could
drive changes in the symmetry of an infinite graphene
sheet17, such spontaneous symmetry–breaking is not ex-
pected in a finite–size GQD86,87.
None the less, interactions are known to have a pro-
found effect on electrons on the edges of a graphene
sheet17. And, since the optical response of a GQD com-
prises a discrete set of peaks, even small changes in in-
dividual energy levels coming from interactions will be
directly visible in σα(ω). Moreover, the precursors of
any bulk symmetry–breaking may also manifest them-
selves in the spectrum of a finite–size GQD, in much the
same way as they do in the finite–size spectra of interact-
ing quantum spin models104. For all of these reasons, we
anticipate that interactions will have a significant effect
on many of the optical properties of GQD’s.
In small GQD’s, magnetic effects are likely to be im-
portant. In this case, interactions can generate local mo-
ments at the edges of of a dot17,73,105–110. In addition,
interactions will split many of the individual peaks found
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in non-interacting calculations, where the electrons’ spin
plays no role [Section II B]. The resulting optical con-
ductivity σα(ω) could, in principle, be calculated from
Eq. (10), by writing the interacting Hamiltonian Hˆ as a
matrix and diagonalising this numerically. In this way,
it is possible to determine both the many–electron eigen-
states |Ψn〉 [cf. Eq. (9)], and optical matrix elements Jαnm
[cf. Eq. (11)]. Such exact–diagonalisation approaches
have already been used to study edge–magnetism in
GQD’s and nano–ribbons73,107,109. However the expo-
nential growth in the size of the Hilbert space, and
the need to determine eigenstates and matrix elements
spanning a wide range of energies, will limit exact–
diagonalisation studies of σα(ω) to dots with a very small
number of electrons. Moreover, care must always be
taken that the current operator Jˆα [Eq. (11)] is defined in
a way which is consistent with the Hamiltonian used84,85.
In larger GQD’s, where the optical response is a
smooth function of frequency, interactions may make
themselves felt in more subtle ways. One area where they
can have a profound effect is in the renormalisation of en-
ergy scales. A prototype for this is provided by the strong
peak in the optical response of bulk graphene in the UV
spectrum, at ~ω ∼ 4.7 eV39,40. Within a simple tight–
binding model [cf. Eq. (16)] this peak reflects transitions
between single–electron states with energy E ∼ ±t, and
with the usual parameterisation, t = 2.8 eV [41], the
peak would be expected to occur for ~ω = 5.6 eV. How-
ever in bulk graphene the particle–hole pairs associated
with this peak can be viewed as excitons, and interac-
tions lead to a finite binding–energy, shifting the peak to
lower energies 40,42–45. The same should be true for the
equivalent, “2t” peak in GQD’s of intermediate to large
size [cf. Fig. 5], with the added feature that the one–
dimensional character of the associated wave functions
will enhance correlation effects [cf. Fig. 8]. We also an-
ticipate that interactions will lead to a shift in the peak
at ~ω ∼ t, observed for GQD’s with zigzag edges and/or
vacancies [cf. Fig. 6, Fig. 10]. This expectation remains
to be verified, but we hope that the results in this Article
can provide a useful starting point for future studies.
And for the time being, perhaps the most exciting
prospect is the measurement of the optical response of
GQD’s in experiment. Given that GQD’s with regular
and irregular shapes are now available [cf. e.g. Ref. 35
and 36], this seems a very real possibility.
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Appendix A: Optical selection rules for hexagonal
dots
1. Group–theory Analysis
C6v E 2C6(z) 2C3(z) C2(z) 3σv 3σd polar
vectors
A1 1 1 1 1 1 1 z
A2 1 1 1 1 -1 -1
B1 1 -1 1 -1 1 -1
B2 1 -1 1 -1 -1 1
E1 2 1 -1 -2 0 0 (x, y)
E2 2 -1 -1 2 0 0
TABLE IV. Character Table of the point–group C6v, de-
scribing the symmetry of hexagonal graphene quantum dots
(GQD’s) of the type shown in Fig. 1(c) and Fig. 1(d). Eigen-
states of a hexagonal GQD transform with irreducible repre-
sentations (irreps) A1, A2, B1, B2, E1 and E2, while the x–
and y–components of the current operator Jˆ (a polar vector)
transform with E1 [cf. 77–82]. The corresponding symmetry
operations are the identity (E), 2 × 2pi
6
(2C6), 2 × 2pi3 (2C3),
and one pi–rotation (C2) about the principal axes, and 3 re-
flections on symmetry axes (σv and σd), as shown in Fig. 1(c)
and (d).
In Section III A, we showed for a triangular GQD, that
the optical conductivity is polarization–independent.
The given derivation is valid for any GQD where the
in–plane (x, y) components of the current operator trans-
form under the same irrep. And this is also the case for
the point–group C6v describing an hexagonal GQD.
The symmetry analysis for a hexagonal GQD follows
the same concept as shown in Section III A 1, with the dif-
ference, that we must work with point–group symmetries
of a hexagon, C6v, as listed in Table IV. The group C6v
comprises the identity (E), 2 × 2pi6 (2C6), 2 × 2pi3 (2C3),
and one pi–rotation (C2) about the principal axes, and
3 reflections on symmetry axes (σv and σd), as shown
in Fig. 1(c) and (d). Eigenstates of a hexagonal GQD
transform with irreducible representations (irreps) A1,
A2, B1, B2, E1 and E2, while the x– and y–components
of the current operator Jˆ (a polar vector) transform with
E1 [cf. 77–82]. As explained for triangular GQD’s, this
is the reason for a polarisation–independent optical con-
ductivity σα(ω).
Following the steps of Section III A 1, by using the
character Table IV, one can resolve the optical selection
rules for hexagonal GQD’s by applying the general rules
for the products of representations77–82.
A1 × E1 → E1 ,
A2 × E1 → E1 ,
B1 × E1 → E2 ,
B2 × E1 → E2 ,
E1 × E1 → A1 +A2 + E2 ,
E2 × E1 → B1 +B2 + E1 ,
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FIG. 12. Optical selection rules for the smallest possible hexagonal graphene quantum dot (GQD) with armchair edges
(N = 42), in linearly–polarized light. (a) Optical conductivity σα(ω), showing the equivalence of results for x– and y–polarized
light. (b) and (c) Spectrum of the corresponding tight–binding model [Eq. (16)], in the mirror basis Eq. (38), showing the
different allowed transitions for x– and y–polarized light. (d) and (e) Matrix elements of the corresponding current operators
|Jˆxnm|2 and |Jˆ ynm|2 [cf. Eq. (24)], in units of (et/~)2. Results for σα(ω) were calculated from Eq. (26), with a Lorentzian of
FWHM 2γ = 0.1 t. Eigenstates are labelled according to their quantum number n = 1 . . . 42, eigenvalue µn = ±1 [Eq. (38)]
and corresponding irrep [cf. Table IV]
This analysis leads to the optical selection rules
A1 ←→ E1 , A2 ←→ E1 , E2 ←→ E1 ,
B1 ←→ E2 , B2 ←→ E2 , E1 ←→ E2 , (A1)
which are explicitly independent of polarisation.
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FIG. 13. Optical selection rules for the smallest possible hexagonal graphene quantum dot (GQD) with armchair edges
(N = 42), in circularly–polarized light. (a) Optical conductivity σα(ω), showing equivalence of results for left– and right–
circularly polarized light. (b) and (c) Spectrum of the corresponding tight–binding model Eq. (16), in the rotation basis
Eq. (39), showing the different allowed transitions for left– and right– circularly polarized light. (d) and (e) Matrix elements of
the corresponding current operators |JˆLnm|2 and |JˆRnm|2 [cf. Eq. (24)], in units of (et/~)2. Results for σα(ω) were calculated from
Eq. (26), with a Lorentzian of FWHM 2γ = 0.1 t. Eigenstates are labelled according to their quantum number n = 1 . . . 42,
eigenvalue µn = e
i 2pi
6
ρn , ρn = 0, 1, 2, 3, 4, 5 [cf. Eq. (40)] and corresponding irrep [Table IV].
2. Illustration of optical selection rules for linearly
and circularly–polarised light
The optical conductivity σα(ω) of hexagonal GQD can
be calculated explicitly using the non–interacting tight–
binding model introduced in Section II B. The result for
linearly–polarised light incident on an hexagonal GQD of
size N = 42 sites is shown in Fig. 12(a). As expected,
the result is independent of polarisation, and is dom-
inated by peaks associated at three different values of
ω, labelled I—III. The corresponding optical transitions,
for x– and y–polarised light, are identified in Fig. 12(b)
22
and Fig. 12(c), where states have been labelled according
to their irreps, and further classified according to their
eigenvalues under the reflection operator Mˆy [Eq. 38].
All optical transitions satisfy the selection rules given in
Eq. (A1). The corresponding matrix elements are illus-
trated in Fig. 12(d) and (e).
Equivalent results for circularly–polarised light are
shown in Fig. 13. The result for σα(ω), shown in
Fig. 13(a) is independent of polarisation, and identical
to that found for linearly–polarised light [Fig. 12(a)].
The corresponding optical transitions, for left– and right–
polarised light, are shown in Fig. 13(d) and Fig. 13(e),
where states have been labelled according to their ir-
reps, and further classified according to their eigenval-
ues under the rotation operator Rˆ2pi/6 [cf. Eq. 39]. Once
again, all transitions satisfy the selection rules given in
Eq. (A1). The corresponding matrix elements are illus-
trated in Fig. 13(d) and Fig. 13(e).
From the comparison of these two cases we see clearly
that optical selection rules are unaffected by the choice
of linearly– or circulary–polarised light, and are indepen-
dent of polarisation in both cases. This confirms the
results of the group theory analysis given in Section A 1.
Appendix B: Kramers doublets in triangular
graphene quantum dots
We recognised in Sec. III A 3 the existence of doubly–
degenerate states of Irrep E, forming Kramers doublets
with time-reversal symmetry. The representation of the
Hamiltonian in the basis of the rotational operator gives
us access to these states.
In Fig. 14 and Fig. 15 we plot the current (black
arrows) within a triangular (N = 33) and hexagonal
(N = 42) GQD for energies  = ±t for the Kramers dou-
blets. The currents flowing within each member of the
Kramers doublet are oriented in opposite directions, such
that the two states are connected by time–reversal. An
external magnetic field would break this time–reversal
symmetry and lift the degeneracy of the Kramers dou-
blets. We would then see changes in the optical absorp-
tion spectrum, which can lead to possible manipulations
of magnetic moments in GQD’s91.
In Fig. 14 we find currents localised on the tips of the
triangle, while in Fig. 15 currents proceed in a circular
fashion within the whole dot. We find an absence of
currents for states with  = 0.
Appendix C: Estimate of exciton binding energy
within one–dimensional wave functions
Calculations of σα(ω) within a tight–binding model
[Eq. (16)] of an extended graphene sheet show a pro-
nounced peak for ~ω ∼ 2t [8 and 10]. The same is
true of a sufficiently large GQD [cf. Fig. 5]. In experi-
ments on graphene sheets, this peak is not observed at
𝜖𝑡 = 1, 𝜌 = 1 𝜖𝑡 = 1, 𝜌 = 2
𝜖𝑡 = −1, 𝜌 = 1 𝜖𝑡 = −1, 𝜌 = 2
FIG. 14. Distribution of the current on bonds within the
Kramers–doublet states in triangular graphene quantum dots
(GQD’s). By choosing a vector basis of the Hamiltonian
Eq. (16), which respects the rotational symmetry of the dot
[Eq. (39)], we can distinguish between states of ρ = 1, 2 [see
Fig. 3], showing a net circulation of current on their bonds.
Hereby, states at ~ω/t = ±1 show non–zero currents at the
edges of the GQD. Results are shown for a GQD with zigzag
edges of size N = 33.
~ω = 2t ≈ 5.6eV, but at the lower energy of ~ω = 4.6eV
[see e.g. Ref. 40] — a red–shift of ∼ 1 eV. This shift
is usually ascribed to the binding–energy of an exciton
formed of particle–hole pairs, due to the interaction be-
tween electrons42,60,111–114.
Building on the insight that electronic states at energy
 = ±t have a one–dimensional character [cf. Fig. 9,
Section V], and are built of two electrons confined to two
sites [cf. Fig. 8], we can make a very simple estimate of
the exciton binding energy by considering the two–site
Hubbard model
Hˆ = −t(cˆ†1,↑cˆ2,↑ + cˆ†2,↑cˆ1,↑ + cˆ†1,↓cˆ2,↓ + cˆ†2,↓cˆ1,↓)
+ U(nˆ1,↑nˆ1,↓ + nˆ2,↑nˆ2,↓) . (C1)
Diagonalising this Hamiltonian, we find the eigenvalues
0 =
1
2
(
U −
√
16t2 + U2
)
(C2)
1 = 0 (C3)
2 = U (C4)
3 =
1
2
(
U +
√
16t2 + U2
)
. (C5)
Optical selection rules allow transitions from the low-
est lying energy state with 0 to the intermediate states
23
𝜖𝑡 = −1, 𝜌 = 3
𝜖𝑡 = 1, 𝜌 = 5𝜖𝑡 = 1, 𝜌 = 3
𝜖𝑡 = −1, 𝜌 = 6𝜖𝑡 = −1, 𝜌 = 5
𝜖𝑡 = 1, 𝜌 = 6𝜖𝑡 = 1, 𝜌 = 2
𝜖𝑡 = −1, 𝜌 = 2
FIG. 15. Distribution of the current on bonds within
the Kramers–doublet states in hexagonal graphene quantum
dots (GQD’s). By choosing a vector basis of the Hamil-
tonian Eq. (16), which respects the rotational symmetry of
the dot [see Eq. (39)], we can distinguish between states of
ρ = 1, 2, 4, 5 [see Fig. 13], showing a net circulation of current
on their bonds. Results are shown for a GQD with armchair
edges of size N = 42.
1, 2. Since the interaction potential U will lift their de-
generacy, low–energy transitions will just occur between
0 and 1, where we find that
∆ = 1 − 0 = 4.6 eV (C6)
for
U ≈ 2.2 eV (C7)
We note that this is substantially lower than estimates of
the on–site potential U ∼ 9.3 − 10.1eV in the published
literature115,116.
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